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Fluidized bed reactors are at the heart of nearly all chemical 
transformation processes

• Conventional technologies: Catalytic-like processes (e.g., FCC) remain the primary 
conversion technique within petrochemical industry

• Emerging technologies: biomass pyrolysis, zero-carbon coal combustion

Pretreatment 
(drying / grinding)

Steam

Solid fuel
Catalytic 

separation

Refining

• Fuel gas
• Liquid fuel

Key challenges:

high variability in reactor performance

Reported hydrogen-to-carbon monoxide ratios

Gas-solid flows are key to many chemical processes
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Cohesion and deposition of Geldart-A/C particles significantly impact
the reactor performance

Wall deposition contributes to reactor performance variations

Large uncertainties observed from
experimental measurements

Deposition regime diagram
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Large underlying uncertainties in particle material properties

The physical properties of Geldart-A/C (e.g., catalyst, dust) particles can
vary by orders of magnitude, which pose further modeling challenges
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Large underlying uncertainties in particle material properties

The physical properties of Geldart-A/C (e.g., catalyst, dust) particles can
vary by orders of magnitude, which pose further modeling challenges
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Main objectives:

1. Develop particle deposition models of different fidelity to
predict deposition rate in the presence of cohesion

2. Quantify the uncertainties and sensitivities of deposition on 
cohesion strength efficiently by leveraging these models

3. Understand the role of temperature on deposition rates
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A unit test case for particle deposition UQ and sensitivity analysis
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Statistics:
• Mean
• Variance
• Sobol index
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Ip
d!(i)

p
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X
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p
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p

Need to compute efficiently!
[Yao & Capecelatro (2018) PRF]3

[Yao & Capecelatro (2021) JFM]4
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mp
dv(i)

p

dt
= F (i)

drag + F (i)
col + F (i)

vw + F (i)
coulomb

• NGA1

– Finite volume DNS code
– Massively parallel
– Conservation of mass, momentum, and kinetic energy

• Lagrangian particle tracking2

– Position:

– Velocity:

– Angular velocity: Drag: Tenneti et al. (2011)

Collisions: Soft-sphere 
(mass-spring-damper) 

Collisions: Coulomb friction

High-fidelity model – DNS-DEM framework

1.  O. Desjardins et al. (2008), JCP.
2.  J. Capecelatro and O. Desjardins. (2013), JCP, 238:1–31.

3.  Y. Yao and J. Capecelatro. (2018), PRF, 3(3):034301.
4.  Y. Yao and J. Capecelatro. (2021), JFM, 911, A10.
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A brief note on the electrostatics and van der Waals algorithms 

Efficient using FFT
An accurate electrostatic algorithm – P3M:

Double counting removed

Fvdw(A, s) =
A

3

2rirj (ri + rj + s)

s2 (2ri + 2rj + s)2

"
s (2ri + 2rj + s)

(ri + rj + s)2 � (ri � rj)
2 � 1

#2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Van der Waals (Hamaker 1937)1:

A modified model2 compatible with 
soft-sphere collisions is employed

1. H. C. Hamaker. (1937), Physica.
2.  Y. Gu et al. (2016), Powder Tech.

Potential energy is conserved
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High-fidelity model – DNS-DEM framework

DNS of a turbulent pipe flow
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DNS (current study)

<latexit sha1_base64="3Xow/iSQfr4OIB9efmlgC/iJvqA=">AAACFnicbZC7SgNBFIZnvcZ4i1raDAbBxrAbjdoIQRvLCOYCSQizk5NkyOzOMnNWCEuewsZXsbFQxFbsfBsnlyIm/jDw8Z9zmHN+P5LCoOv+OEvLK6tr66mN9ObW9s5uZm+/YlSsOZS5kkrXfGZAihDKKFBCLdLAAl9C1e/fjurVR9BGqPABBxE0A9YNRUdwhtZqZU4bKgLNUOmQBZB0tWgPr8/yF7SBIgBD84VZbGWybs4diy6CN4UsmarUynw32orHAYTIJTOm7rkRNhOmUXAJw3QjNhAx3mddqFsc7WCayfisIT22Tpt2lLYvRDp2ZycSFhgzCHzbGTDsmfnayPyvVo+xc9VMRBjFCCGffNSJJUVFRxnRttDAUQ4sMK6F3ZXyHtOMo00ybUPw5k9ehEo+5xVy7v15tngzjSNFDskROSEeuSRFckdKpEw4eSIv5I28O8/Oq/PhfE5al5zpzAH5I+frFyC4ngY=</latexit>

grid = 326⇥ 256⇥ 256

<latexit sha1_base64="CFi5XtY4wgaaqYk+qZ3BbxV8Hw8="></latexit>

V +
dep =

✓
�NdepD

4�t (N0 ��Ndep)

◆
/u⇤

• Non-dimensional deposition rate:

• Particles counted as deposited once they
hit the wall (all-stick assumption)

• 256 CPU hours required for converged 
statistics for each set of inputs (𝜻, 𝝃) 

9
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Low-fidelity model – 1D Eulerian conservation equations

• A 1D Eulerian-based model by Guha1 predicts deposition reasonably well, 
which is leveraged here to provide ‘low-fidelity’ predictions.

1. A. Guha. (2008), Annu. Rev. Fluid Mech.

Electrical charge Van der Waals force

<latexit sha1_base64="36D2LdOR0hDD0bHzrtKsY/NO0l0=">AAAB63icbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RTAwkS5idzCZD5rHMzIphyS948aCIV3/Im3/jbLIHTSxoKKq66e6KEs6M9f1vr7Syura+Ud6sbG3v7O5V9w/aRqWa0BZRXOlOhA3lTNKWZZbTTqIpFhGnD9H4JvcfHqk2TMl7O0loKPBQspgRbHOp98RQv1rz6/4MaJkEBalBgWa/+tUbKJIKKi3h2Jhu4Cc2zLC2jHA6rfRSQxNMxnhIu45KLKgJs9mtU3TilAGKlXYlLZqpvycyLIyZiMh1CmxHZtHLxf+8bmrjqzBjMkktlWS+KE45sgrlj6MB05RYPnEEE83crYiMsMbEungqLoRg8eVl0j6rBxd1/+681rgu4ijDERzDKQRwCQ24hSa0gMAInuEV3jzhvXjv3se8teQVM4fwB97nD7PcjgM=</latexit>

⇠
<latexit sha1_base64="O4W3678ANFv/24+YhjcqS772SCE=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKphbaUDbbSbt0swm7E6GG/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpDj5PZKLbITMghQIfBUpopxpYHEp4CEc3U//hEbQRibrHcQpBzAZKRIIztJLffQJkvWrNrbsz0GXiFaRGCjR71a9uP+FZDAq5ZMZ0PDfFIGcaBZcwqXQzAynjIzaAjqWKxWCCfHbshJ5YpU+jRNtSSGfq74mcxcaM49B2xgyHZtGbiv95nQyjqyAXKs0QFJ8vijJJMaHTz2lfaOAox5YwroW9lfIh04yjzadiQ/AWX14mrbO6d1F3785rjesijjI5IsfklHjkkjTILWkSn3AiyDN5JW+Ocl6cd+dj3lpyiplD8gfO5w/p0I7A</latexit>

⇣

D
im

en
si

on
le

ss
 d

ep
os

iti
on

 v
el

. 

Dimensionless particle size Dimensionless particle size

D
im

en
si

on
le

ss
 d

ep
os

iti
on

 v
el

. 

Mass:

Momentum:
<latexit sha1_base64="MHB6rjEGupvdskysGW3LdTSFUzA="></latexit>

@V +
dep/@y

+ = 0, V +
dep = �

✓
DB

⌫
+

"

⌫

◆
@⇢+p
@y+

+ ⇢+p V̄
+
py

<latexit sha1_base64="dUNLQZqaJfupUAgQu3Ekk3TBXUY="></latexit>

V̄ +
py

@V̄ +
py

@y+
+

V̄ +
py

⌧+p
= � @

@y+

⇣
<V 0+2

fy

⌘
+ F+

elec + F+
vdw

<latexit sha1_base64="VPwSIXJr+Cos8KZV9uDqIlLIY1I=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4qDUjit0UWt24rGAf0BmHTJq2oZnMkGSEOsxPuPFX3LhQxK3gzr8xfSy0euDC4Zx7ufceP+JMaYS+rMzC4tLySnY1t7a+sbmV395pqjCWhDZIyEPZ9rGinAna0Exz2o4kxYHPacsfXo791h2VioXiRo8i6ga4L1iPEayN5OWLzj3VuFKDx7DmJSiFDhOwg4pO0XaLzlSr2Og2ObLLqZcvoBKaAP4l9owUwAx1L//pdEMSB1RowrFSHRtF2k2w1IxwmuacWNEIkyHu046hAgdUucnkqxQeGKULe6E0JTScqD8nEhwoNQp80xlgPVDz3lj8z+vEuld2EyaiWFNBpot6MYc6hOOIYJdJSjQfGYKJZOZWSAZYYqJNkDkTgj3/8l/SPCnZZyV0fVqoXsziyII9sA8OgQ3OQRVcgTpoAAIewBN4Aa/Wo/VsvVnv09aMNZvZBb9gfXwDt3abZg==</latexit>

⇣ = A/A0 2 [0, 1], A0 = 10�18
<latexit sha1_base64="fYz4JCFv6D4oIGhg4O1ZUUMOaoE=">AAACC3icbVDLSgMxFM3UV62vUZduQovgotSMKLoRim5cVrAPmBlKJs20oZnMmGSkZejejb/ixoUibv0Bd/6N6WOhrQfu5XDOvST3BAlnSiP0beWWlldW1/LrhY3Nre0de3evoeJUElonMY9lK8CKciZoXTPNaSuRFEcBp82gfz32mw9UKhaLOz1MqB/hrmAhI1gbqW0XvQGDl/C+nSWjY9O9CA9G0GMCuqjslVHF8dt2CVXQBHCRODNSAjPU2vaX14lJGlGhCcdKuQ5KtJ9hqRnhdFTwUkUTTPq4S11DBY6o8rPJLSN4aJQODGNpSmg4UX9vZDhSahgFZjLCuqfmvbH4n+emOrzwMyaSVFNBpg+FKYc6huNgYIdJSjQfGoKJZOavkPSwxESb+AomBGf+5EXSOKk4ZxV0e1qqXs3iyIMDUARHwAHnoApuQA3UAQGP4Bm8gjfryXqx3q2P6WjOmu3sgz+wPn8AIeCZLA==</latexit>

⇠ = qp/qmax 2 [0, 0.1]

Context & Challenges Problem Setup Deposition Models Multi-fidelity UQ Conclusions
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Multi-fidelity uncertainty quantification1

• Goal: quantify how deposition rate depends on uncertainties in charge and van

der Waals efficiently

• Classic Monte Carlo (MC) estimator:

• Multi-fidelity Monte Carlo (MFMC) estimator:

1. Peherstorfer et al. (2018), Siam Review.

<latexit sha1_base64="ibUAWPh1GhwT56/KIaN/hcvTzfM="></latexit>

ŝ = ȳm1 + ↵2

⇣
ȳ(2)m2

� ȳ(2)m1

⌘

<latexit sha1_base64="QcfO7MjQ0lpSIQFs2saM79CTX58="></latexit>

ym2
=

1

m2

m2X

j=1

f (2) (xj)

<latexit sha1_base64="mydWoVnReV3Cgt1FIG060PS9gS4="></latexit>

ym1
=

1

m1

m1X

j=1

f (1) (xj) ,

Find the optimal m1, m2, 𝝰2 to minimize estimator error under the
constraint:

<latexit sha1_base64="cKE5qZh5X/s0ehkw6EAcTgiEAKI=">AAAB/nicbVBNS8NAEJ3Ur1q/ouLJy2IRBKEkRdFj0YvHCvYD2hA22027dDcJuxtLCQX/ihcPinj1d3jz37htc9DWBwOP92aYmRcknCntON9WYWV1bX2juFna2t7Z3bP3D5oqTiWhDRLzWLYDrChnEW1opjltJ5JiEXDaCoa3U7/1SKVicfSgxwn1BO5HLGQEayP59pHw3ZHvonMk/OrIr6Iupyjx7bJTcWZAy8TNSRly1H37q9uLSSpopAnHSnVcJ9FehqVmhNNJqZsqmmAyxH3aMTTCgiovm50/QadG6aEwlqYijWbq74kMC6XGIjCdAuuBWvSm4n9eJ9XhtZexKEk1jch8UZhypGM0zQL1mKRE87EhmEhmbkVkgCUm2iRWMiG4iy8vk2a14l5WnPuLcu0mj6MIx3ACZ+DCFdTgDurQAAIZPMMrvFlP1ov1bn3MWwtWPnMIf2B9/gBhe5PT</latexit>

m1w1 +m2w2  p

<latexit sha1_base64="iGEq+Ie4Mw75QMQYdtR9hnEpNcY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5geM/w==</latexit> w

11

input

<latexit sha1_base64="Q4kqsP4a3HFV7UNMcRy+KKJbuS0=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5IUQb0VvHisYNpCG8pmu2mXbjZh90Uopb/BiwdFvPqDvPlv3KY5aOvAwjDzHvtmwlQKg6777ZQ2Nre2d8q7lb39g8Oj6vFJ2ySZZtxniUx0N6SGS6G4jwIl76aa0ziUvBNO7hZ+54lrIxL1iNOUBzEdKREJRtFKvlBphoNqza27Ocg68QpSgwKtQfWrP0xYFnOFTFJjep6bYjCjGgWTfF7pZ4anlE3oiPcsVTTmJpjlx87JhVWGJEq0fQpJrv7emNHYmGkc2smY4tisegvxP6+XYXQTzPJEXLHlR1EmCSZkkZwMheYM5dQSyrSwtxI2ppoytP1UbAneauR10m7Uvav67UOj1nSLOspwBudwCR5cQxPuoQU+MBDwDK/w5ijnxXl3PpajJafYOYU/cD5/ABcKjtQ=</latexit>

output

<latexit sha1_base64="lTf97+mcHSTPPWwagp3XyVuQM7Y=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclZkiqLuCG5cV7APaoWTSTBubSYbkjlBK/8GNC0Xc+j/u/BvTdhbaeiBwOOdecs+JUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaOsM0w16p7Ff8OcgqCXJShhz1Xumr29csS7hCJqm1ncBPMZxQg4JJPi12M8tTykZ0wDuOKppwG07m107JuVP6JNbGPYVkrv7emNDE2nESucmE4tAuezPxP6+TYXwdToRyibhii4/iTBLUZBad9IXhDOXYEcqMcLcSNqSGMnQFFV0JwXLkVdKsVoLLys19tVzz8zoKcApncAEBXEEN7qAODWDwCM/wCm+e9l68d+9jMbrm5Tsn8Afe5w8B9o9f</latexit>

<latexit sha1_base64="IDuAPQsHtMBXluH79k4CDUzkRvA=">AAACB3icbVDLSgNBEJyNrxhfUY+CDAYhooRdUfQiBL14jGAekI3L7KQ3Dpl9MDMrxmVvXvwVLx4U8eovePNvnCR70MSChqKqm+4uN+JMKtP8NnIzs3PzC/nFwtLyyupacX2jIcNYUKjTkIei5RIJnAVQV0xxaEUCiO9yaLr9i6HfvAMhWRhcq0EEHZ/0AuYxSpSWnOJ2w0ls4eMuROlNsp/iM+yV7QdQ5MC+Z3tOsWRWzBHwNLEyUkIZak7xy+6GNPYhUJQTKduWGalOQoRilENasGMJEaF90oO2pgHxQXaS0R8p3tVKF3uh0BUoPFJ/TyTEl3Lgu7rTJ+pWTnpD8T+vHSvvtJOwIIoVBHS8yIs5ViEehoK7TABVfKAJoYLpWzG9JYJQpaMr6BCsyZenSeOwYh1XzKujUvU8iyOPttAOKiMLnaAqukQ1VEcUPaJn9IrejCfjxXg3PsatOSOb2UR/YHz+AEnbmEo=</latexit>

V +
dep = f(⇣, ⇠)

<latexit sha1_base64="1oGhXbxJWxK7NlznshTgw7rATYg=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREFN0IRTcuK9gHNKFMJpN26CQTZibSGrpx46+4caGIW//BnX/jpM1CWw8MczjnXu69x4sZlcqyvo3CwuLS8kpxtbS2vrG5ZW7vNCVPBCYNzBkXbQ9JwmhEGooqRtqxICj0GGl5g+vMb90TISmP7tQoJm6IehENKEZKS11z3/E48+Uo1F86HMNLWHEeiELHzpAedc2yVbUmgPPEzkkZ5Kh3zS/H5zgJSaQwQ1J2bCtWboqEopiRcclJJIkRHqAe6WgaoZBIN51cMYaHWvFhwIV+kYIT9XdHikKZLaorQ6T6ctbLxP+8TqKCCzelUZwoEuHpoCBhUHGYRQJ9KghWbKQJwoLqXSHuI4Gw0sGVdAj27MnzpHlStc+q1u1puXaVx1EEe+AAVIANzkEN3IA6aAAMHsEzeAVvxpPxYrwbH9PSgpH37II/MD5/AL3CmBE=</latexit>

x = (⇣, ⇠)

Context & Challenges Problem Setup Deposition Models Multi-fidelity UQ Conclusions
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1D Eulerian model underpredicts deposition compared to DNS

Prior estimates of model statistics:
• DNS: ~256 CPU hours

• 1D model: ~0.08 CPU hour

• Correlation coefficients:

• Comparison of deposition predictions from DNS and 1D model

𝝆1,2 = 0.989 𝝆1,2 = 0.995 𝝆1,2 = 0.937

1D model
DNS

<latexit sha1_base64="DLAyRQ6EgHFKbmt2HgdBA+SPF/I="></latexit>

⇢1,2 =
Cov

⇥
f (1)(X), f (2)(X)

⇤

�1�2

An analytical solution exists for the 
MFMC optimization1!

<latexit sha1_base64="3djLh4kWpTvXwjEvow4mFJQyWPE=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KokoehGKXjxWsB/QhrLZTtqlm03c3Sgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSK4Nq777Swtr6yurRc2iptb2zu7pb39ho5TxbDOYhGrVkA1Ci6xbrgR2EoU0igQ2AyGNxO/+YhK81jem1GCfkT7koecUWOl1lPXI1fEI91S2a24U5BF4uWkDDlq3dJXpxezNEJpmKBatz03MX5GleFM4LjYSTUmlA1pH9uWShqh9rPpvWNybJUeCWNlSxoyVX9PZDTSehQFtjOiZqDnvYn4n9dOTXjpZ1wmqUHJZovCVBATk8nzpMcVMiNGllCmuL2VsAFVlBkbUdGG4M2/vEgapxXvvOLenZWr13kcBTiEIzgBDy6gCrdQgzowEPAMr/DmPDgvzrvzMWtdcvKZA/gD5/MHAzmOow==</latexit>

w1 = 1

<latexit sha1_base64="bRmH3NXKWlLSHUoSJvGuywAsRlc=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSJ4qtmi2ItQ9OKxgv2AdinZNNuGZrNrkq2Upb/DiwdFvPpjvPlvTNs9aOuDgcd7M8zM82PBtcH421lZXVvf2Mxt5bd3dvf2CweHDR0lirI6jUSkWj7RTHDJ6oYbwVqxYiT0BWv6w9up3xwxpXkkH8w4Zl5I+pIHnBJjJe+pW0bXyD0vVyoYdQtFXMIzoGXiZqQIGWrdwlenF9EkZNJQQbRuuzg2XkqU4VSwSb6TaBYTOiR91rZUkpBpL50dPUGnVumhIFK2pEEz9fdESkKtx6FvO0NiBnrRm4r/ee3EBBUv5TJODJN0vihIBDIRmiaAelwxasTYEkIVt7ciOiCKUGNzytsQ3MWXl0mjXHIvS/j+oli9yeLIwTGcwBm4cAVVuIMa1IHCIzzDK7w5I+fFeXc+5q0rTjZzBH/gfP4ATruP1w==</latexit>

w2 = 1/2880

1. Peherstorfer et al. (2018), Siam Review.

<latexit sha1_base64="CZl8k5ELG6f32plSfxJCAL7WSrE="></latexit>

(↵2,m1,m2) = MFMC(⇢1,2, w1, w2,�1,�2)
<latexit sha1_base64="cHLf7GZ1N6huzacjJgPrr/vmqs8="></latexit>

ŝMFMC = ŝMC,m1 + ↵2

⇣
ŝ(2)MC,m2

� ŝ(2)MC,m1

⌘

12

<latexit sha1_base64="YOPo2RnWAbj3Jc/gUTvIqUKv+QQ=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIFaXOiEU3QtGNywr2Ap1aMmmmDU1mhuSMUIZ5DDe+ihsXirjtzrcxvSy09YfAx3/OIef8XiS4Btv+tjJLyyura9n13Mbm1vZOfnevrsNYUVajoQhV0yOaCR6wGnAQrBkpRqQnWMMb3I7rjSemNA+DBxhGrC1JL+A+pwSM1cmfuUDiThKlj8lJeu1g99QVzIdi2YCMsSsJ9JVMZOoq3uvDcSdfsEv2RHgRnBkU0EzVTn7kdkMaSxYAFUTrlmNH0E6IAk4FS3NurFlE6ID0WMtgQCTT7WRyWIqPjNPFfqjMCwBP3N8TCZFaD6VnOseL6vna2Pyv1orBv2onPIhiYAGdfuTHAkOIxynhLleMghgaIFRxsyumfaIIBZNlzoTgzJ+8CPXzklMu2fcXhcrNLI4sOkCHqIgcdIkq6A5VUQ1R9Ixe0Tv6sF6sN+vT+pq2ZqzZzD76I2v0A/2dn8A=</latexit>

⌧+p = 1 (5µm)
<latexit sha1_base64="lkxCTREBg4RyJ7fjuQ6XvYY6rsA=">AAACGnicbZDLSsNAFIYn9VbrLerSzWARKkpJxNtGKLpxWcFeoKllMp20Q2eSMHMilJDncOOruHGhiDtx49s4vSy0+sPAx3/OYc75/VhwDY7zZeXm5hcWl/LLhZXVtfUNe3OrrqNEUVajkYhU0yeaCR6yGnAQrBkrRqQvWMMfXI3qjXumNI/CWxjGrC1JL+QBpwSM1bFdD0jSSePsLj3ILlwHe4eeYAGU3FNDMsGeJNBXMpWZp3ivD/sdu+iUnbHwX3CnUERTVTv2h9eNaCJZCFQQrVuuE0M7JQo4FSwreIlmMaED0mMtgyGRTLfT8WkZ3jNOFweRMi8EPHZ/TqREaj2UvukcLapnayPzv1orgeC8nfIwToCFdPJRkAgMER7lhLtcMQpiaIBQxc2umPaJIhRMmgUTgjt78l+oH5Xdk7Jzc1ysXE7jyKMdtItKyEVnqIKuURXVEEUP6Am9oFfr0Xq23qz3SWvOms5so1+yPr8B9ZKgNg==</latexit>

⌧+p = 10 (16µm)
<latexit sha1_base64="w10wH8DdlPIZunCL9hO50fWJ9j4=">AAACHHicbZDLSsNAFIYn9V5vVZduBougKCHxvhGKblxWsLXQ1DKZTtrBmSTMnAgl5EHc+CpuXCjixoXg2zipWaj1h4GP/5zDnPP7seAaHOfTKk1MTk3PzM6V5xcWl5YrK6tNHSWKsgaNRKRaPtFM8JA1gINgrVgxIn3Brv3b87x+fceU5lF4BcOYdSTphzzglICxupV9D0jSTePsJt3JTh3bxd6uJ1gAW659ZFAm2JMEBkqmMvMU7w9gu1upOrYzEh4Ht4AqKlTvVt69XkQTyUKggmjddp0YOilRwKlgWdlLNIsJvSV91jYYEsl0Jx0dl+FN4/RwECnzQsAj9+dESqTWQ+mbznxR/beWm//V2gkEJ52Uh3ECLKTfHwWJwBDhPCnc44pREEMDhCpudsV0QBShYPIsmxDcvyePQ3PPdg9t5/KgWjsr4phF62gDbSEXHaMaukB11EAU3aNH9IxerAfryXq13r5bS1Yxs4Z+yfr4AuSPoKY=</latexit>

⌧+p = 0.1 (1.6µm)

Context & Challenges Problem Setup Deposition Models Multi-fidelity UQ Conclusions
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Solution procedure of MFMC UQ on deposition rates

DNS simulations

Low-fidelity simulations

Statistical estimates
(mean, SD, sensitivity)

MFMC

optimization

MFMC

estimator

Benefits of MFMC:
• Smaller variance than pure DNS
• Less bias compared to 1D model

<latexit sha1_base64="et2iKITPx+6/Ro4exKE/7VsRQ88=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSyCh1ISUfRY9OKxgv2AJJTNdtIu3WzC7kaptT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zMC1POlHacb6uwsrq2vlHcLG1t7+zu2eX9lkoySaFJE57ITkgUcCagqZnm0EklkDjk0A6H11O/fQ9SsUTc6VEKQUz6gkWMEm2krl32H0ET7DOBPafqV92ga1ecmjMDXiZuTiooR6Nrf/m9hGYxCE05UcpznVQHYyI1oxwmJT9TkBI6JH3wDBUkBhWMZ6dP8LFRejhKpCmh8Uz9PTEmsVKjODSdMdEDtehNxf88L9PRZTBmIs00CDpfFGUc6wRPc8A9JoFqPjKEUMnMrZgOiCRUm7RKJgR38eVl0jqtuec15/asUr/K4yiiQ3SETpCLLlAd3aAGaiKKHtAzekVv1pP1Yr1bH/PWgpXPHKA/sD5/ADXnkqk=</latexit>

⇣ 2 [0, 1]

<latexit sha1_base64="Y7qEKk+JzBDkZF9jKfeS207DTto=">AAACEXicbVDJSgNBEO1xjXEb9eilMQgRQ5gJil6EoBePEcwCmST0dGqSJj0L3T1iHOYXvPgrXjwo4tWbN//GznLQxAcFj/eqqKrnRpxJZVnfxsLi0vLKamYtu76xubVt7uzWZBgLClUa8lA0XCKBswCqiikOjUgA8V0OdXdwNfLrdyAkC4NbNYyg5ZNewDxGidJSx8zXOonjE9UXftKFKE3byXF64bUTu1BK884DKFLAzj076pg5q2iNgeeJPSU5NEWlY3453ZDGPgSKciJl07Yi1UqIUIxySLNOLCEidEB60NQ0ID7IVjL+KMWHWuliLxS6AoXH6u+JhPhSDn1Xd46Ol7PeSPzPa8bKO28lLIhiBQGdLPJijlWIR/HgLhNAFR9qQqhg+lZM+0QQqnSIWR2CPfvyPKmVivZp0bo5yZUvp3Fk0D46QHlkozNURteogqqIokf0jF7Rm/FkvBjvxsekdcGYzuyhPzA+fwDPIZz1</latexit>

V +
dep = f1,2(⇣, ⇠)

21M grid points
256 CPU hours

O(106) particles

‘true’ solution

<latexit sha1_base64="CqAfRrMlW6iskP9dDcu1dwtztTA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEIiil6EohePFewHtDFstpt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvDDlTGnX/bZKK6tr6xvlzcrW9s7unr1/0FRJJgltkIQnsh1iRTkTtKGZ5rSdSorjkNNWOLyb+q0RlYol4lGPU+rHuC9YxAjWRgpsu6txFqRP+dkE3SDX8QK76jruDGiZeAWpQoF6YH91ewnJYio04Vipjuem2s+x1IxwOql0M0VTTIa4TzuGChxT5eezyyfoxCg9FCXSlNBopv6eyHGs1DgOTWeM9UAtelPxP6+T6ejaz5lIM00FmS+KMo50gqYxoB6TlGg+NgQTycytiAywxESbsComBG/x5WXSPHe8S8d9uKjWbos4ynAEx3AKHlxBDe6hDg0gMIJneIU3K7derHfrY95asoqZQ/gD6/MHl6iSUQ==</latexit>

⌧+p = 0.1

Input sampling
<latexit sha1_base64="B2o6qV9G2DvqOqyQtMktSa8qPLA=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktSr0IRS8eK9gPaJeSTbNtbDZZkqxQlv4HLx4U8er/8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NYyUYS2iORSdQOsKWeCtgwznHZjRXEUcNoJJrdzv/NElWZSPJhpTP0IjwQLGcHGSu0YXaN6bVCuuFU3A1olXk4qkKM5KH/1h5IkERWGcKx1z3Nj46dYGUY4nZX6iaYxJhM8oj1LBY6o9tPs2hk6s8oQhVLZEgZl6u+JFEdaT6PAdkbYjPWyNxf/83qJCa/8lIk4MVSQxaIw4chINH8dDZmixPCpJZgoZm9FZIwVJsYGVLIheMsvr5J2repdVt37i0rjJo+jCCdwCufgQR0acAdNaAGBR3iGV3hzpPPivDsfi9aCk88cwx84nz/0h44Q</latexit>

p = 72

<latexit sha1_base64="+dw5Hu5vcpdwzz7pTDteV6MNjdc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBg4REFD0WvXisYD8giWWz3bRLN5uwu1FL6P/w4kERr/4Xb/4bt20O2vpg4PHeDDPzwpQzpR3n2yotLa+srpXXKxubW9s71d29lkoySWiTJDyRnRArypmgTc00p51UUhyHnLbD4fXEbz9QqVgi7vQopUGM+4JFjGBtpHv/iSGfCc85cWw36FZrju1MgRaJW5AaFGh0q19+LyFZTIUmHCvluU6qgxxLzQin44qfKZpiMsR96hkqcExVkE+vHqMjo/RQlEhTQqOp+nsix7FSozg0nTHWAzXvTcT/PC/T0WWQM5FmmgoyWxRlHOkETSJAPSYp0XxkCCaSmVsRGWCJiTZBVUwI7vzLi6R1arvntnN7VqtfFXGU4QAO4RhcuIA63EADmkBAwjO8wpv1aL1Y79bHrLVkFTP78AfW5w+OE5E9</latexit>

⇠ 2 [0, 0.1]

13

Solve 1D ODEs
0.08 CPU hour
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Uncertainty and sensitivity of deposition for three particle sizes

Mean, standard deviation, and sensitivity of deposition rate are estimated 
using the multi-fidelity approach with budget p=144 (~40,000 CPU hours)

14

Uncertainty (mean + SD) Sensitivity of deposition rate

Deposition of small particles are
more sensitive to van der Waals

Mid-sized particles
exhibit largest uncertainties

Context & Challenges Problem Setup Deposition Models Multi-fidelity UQ Conclusions
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Effect of cohesion and temperature on particle rebound

15

<latexit sha1_base64="jxv6pvKFSb2KAthx53LYkzvZtgo=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68dhCv6ANZbOdtGs3m7C7EUroL/DiQRGv/iRv/hu3bQ7a+mDg8d4MM/OCRHBtXPfbWVvf2NzaLuwUd/f2Dw5LR8ctHaeKYZPFIladgGoUXGLTcCOwkyikUSCwHYzvZ377CZXmsWyYSYJ+RIeSh5xRY6V6o18quxV3DrJKvJyUIUetX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dErOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/9jMskNSjZYlGYCmJiMvuaDLhCZsTEEsoUt7cSNqKKMmOzKdoQvOWXV0nrsuJdV9z6Vbl6l8dRgFM4gwvw4Aaq8AA1aAIDhGd4hTfn0Xlx3p2PReuak8+cwB84nz+w+4zc</latexit>

T
<latexit sha1_base64="O4W3678ANFv/24+YhjcqS772SCE=">AAAB7HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE0WPRi8cKphbaUDbbSbt0swm7E6GG/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TJJpDj5PZKLbITMghQIfBUpopxpYHEp4CEc3U//hEbQRibrHcQpBzAZKRIIztJLffQJkvWrNrbsz0GXiFaRGCjR71a9uP+FZDAq5ZMZ0PDfFIGcaBZcwqXQzAynjIzaAjqWKxWCCfHbshJ5YpU+jRNtSSGfq74mcxcaM49B2xgyHZtGbiv95nQyjqyAXKs0QFJ8vijJJMaHTz2lfaOAox5YwroW9lfIh04yjzadiQ/AWX14mrbO6d1F3785rjesijjI5IsfklHjkkjTILWkSn3AiyDN5JW+Ocl6cd+dj3lpyiplD8gfO5w/p0I7A</latexit>

⇣

<latexit sha1_base64="Z5Mo/D+1gvCB/B+5T9GUcma9LDk=">AAACCnicbZDLSgMxFIYz9VbrrerSTbQIFWSYkRbdCEU3gpsKvUGnlEyatqGZzJCcEcrQtRtfxY0LRdz6BO58G9N2Flr9IfDxn3M4Ob8fCa7Bcb6szNLyyupadj23sbm1vZPf3WvoMFaU1WkoQtXyiWaCS1YHDoK1IsVI4AvW9EfX03rzninNQ1mDccQ6ARlI3ueUgLG6+UMPhgwIvsSOXfZwsWbILZVK3mniqQDfTk66+YJjOzPhv+CmUECpqt38p9cLaRwwCVQQrduuE0EnIQo4FWyS82LNIkJHZMDaBiUJmO4ks1Mm+Ng4PdwPlXkS8Mz9OZGQQOtx4JvOgMBQL9am5n+1dgz9i07CZRQDk3S+qB8LDCGe5oJ7XDEKYmyAUMXNXzEdEkUomPRyJgR38eS/0Diz3bLt3JUKlas0jiw6QEeoiFx0jiroBlVRHVH0gJ7QC3q1Hq1n6816n7dmrHRmH/2S9fENoLuXDA==</latexit>

✓ = 0.5 (T = 1444K)

<latexit sha1_base64="lbrCsHrN5y1450BiU1DG2M4MBJk=">AAACD3icbZDLSsNAFIYn9VbrLerSzWBRKkpJxKIboejGZQV7gSaGyWTaDp1JwsxEKCFv4MZXceNCEbdu3fk2TtsstPWHgY//nMOZ8/sxo1JZ1rdRWFhcWl4prpbW1jc2t8ztnZaMEoFJE0csEh0fScJoSJqKKkY6sSCI+4y0/eH1uN5+IELSKLxTo5i4HPVD2qMYKW155qGjUOLF9+lxBi+h7cBK4MWaas5J6ggOHZ5Anh15ZtmqWhPBebBzKINcDc/8coIIJ5yECjMkZde2YuWmSCiKGclKTiJJjPAQ9UlXY4g4kW46uSeDB9oJYC8S+oUKTtzfEyniUo64rzs5UgM5Wxub/9W6iepduCkN40SREE8X9RIGVQTH4cCACoIVG2lAWFD9V4gHSCCsdIQlHYI9e/I8tE6rdq1q3Z6V61d5HEWwB/ZBBdjgHNTBDWiAJsDgETyDV/BmPBkvxrvxMW0tGPnMLvgj4/MHE3uaJw==</latexit>

⌧+p = 1 (dp = 5µm)
<latexit sha1_base64="yJ0Xc11QiCp+J+ZDYYYB+WG55EQ=">AAACE3icbZDLSsNAFIYn9VbrrerSzWAR6oWQiLeNUHTjsoK9QBPDZDJph84kYWYilNB3cOOruHGhiFs37nwbp20W2vrDwMd/zuHM+f2EUaks69sozM0vLC4Vl0srq2vrG+XNraaMU4FJA8csFm0fScJoRBqKKkbaiSCI+4y0/P71qN56IELSOLpTg4S4HHUjGlKMlLa88oGjUOol99nhEF5Cy7QdWA28RLNtnjlHmSM4dHgK+XDfK1cs0xoLzoKdQwXkqnvlLyeIccpJpDBDUnZsK1FuhoSimJFhyUklSRDuoy7paIwQJ9LNxjcN4Z52AhjGQr9IwbH7eyJDXMoB93UnR6onp2sj879aJ1XhhZvRKEkVifBkUZgyqGI4CggGVBCs2EADwoLqv0LcQwJhpWMs6RDs6ZNnoXls2qemdXtSqV3lcRTBDtgFVWCDc1ADN6AOGgCDR/AMXsGb8WS8GO/Gx6S1YOQz2+CPjM8f74KbDQ==</latexit>

⌧+p = 0.1 (dp = 1.6µm)
<latexit sha1_base64="j5HkvEod9jkextgLkmK6xTNJ7Hg=">AAAB8HicbVBNS8NAEN34WetX1aOXxSJ4KokoehGKXjxWsB/ShrLZTtqlm03YnQg19Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5QSKFQdf9dpaWV1bX1gsbxc2t7Z3d0t5+w8Sp5lDnsYx1K2AGpFBQR4ESWokGFgUSmsHwZuI3H0EbEat7HCXgR6yvRCg4Qys9dJ4AGb2iXrdUdivuFHSReDkpkxy1bumr04t5GoFCLpkxbc9N0M+YRsEljIud1EDC+JD1oW2pYhEYP5sePKbHVunRMNa2FNKp+nsiY5ExoyiwnRHDgZn3JuJ/XjvF8NLPhEpSBMVni8JUUozp5HvaExo4ypEljGthb6V8wDTjaDMq2hC8+ZcXSeO04p1X3LuzcvU6j6NADskROSEeuSBVcktqpE44icgzeSVvjnZenHfnY9a65OQzB+QPnM8fjpyPlg==</latexit>

⇣ = 1

OSU deposition model (Bons et al 2017）:
<latexit sha1_base64="Ur7OPptfFobk43oFuvfbpBvJRgM="></latexit>

CoRn =
Vn2

Vn1
=

s
�2
y

⇢E
� 2Acont�

m

1

Vn1

<latexit sha1_base64="nAgpC4MuLrf0rYXJlYwUIB0qma4="></latexit>

�y(T ) = 200� 0.225(T � 1000) (MPa)

<latexit sha1_base64="YK5OhPpIvk9HWI/oJ3FmfJb6ZKU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVSklE0Y1Q7MZllb6gCWEymbRDJ5MwMxFqyAe48VfcuFDErR/gzr9x2mahrQcGDuecy517vJhRqUzz21haXlldWy9sFDe3tnd2S3v7HRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl6o8bE794TIWnEW2ocEydEA04DipHSklsqp7YIYSO6y1wOr2BQaVXtB6JQteOm3Mqqvhuf6JRZM6eAi8TKSRnkaLqlL9uPcBISrjBDUvYtM1ZOioSimJGsaCeSxAiP0ID0NeUoJNJJp8dk8FgrPgwioR9XcKr+nkhRKOU49HQyRGoo572J+J/XT1Rw6aSUx4kiHM8WBQmDKoKTZqBPBcGKjTVBWFD9V4iHSCCsdH9FXYI1f/Ii6ZzWrPOaeXtWrl/ndRTAITgCFWCBC1AHN6AJ2gCDR/AMXsGb8WS8GO/Gxyy6ZOQzB+APjM8fLtmZzA==</latexit>

CoRn = f(T, ⇣, Vn1, dp)

Deposited if CoR=0

Context & Challenges Problem Setup Deposition Models Multi-fidelity UQ Conclusions

<latexit sha1_base64="TmEM1q44yTdGau0Vmnd30uMSfwg=">AAACDXicbVDLSgNBEJyNrxhfUY9eBqMQQeNsMOhFCHrxGCEvSJYwO5kkQ2Znl5leIYT8gBd/xYsHRbx69+bfOHkcNLGgoajqprvLj6QwQMi3k1haXlldS66nNja3tnfSu3tVE8aa8QoLZajrPjVcCsUrIEDyeqQ5DXzJa37/duzXHrg2IlRlGETcC2hXiY5gFKzUSh81oceB4mtMcvl8IVs+cwkhJ+d5QnBTKNwgp67XSmdIjkyAF4k7Ixk0Q6mV/mq2QxYHXAGT1JiGSyLwhlSDYJKPUs3Y8IiyPu3yhqWKBtx4w8k3I3xslTbuhNqWAjxRf08MaWDMIPBtZ0ChZ+a9sfif14ihc+UNhYpi4IpNF3ViiSHE42hwW2jOQA4soUwLeytmPaopAxtgyobgzr+8SKr5nFvIkfuLTPFmFkcSHaBDlEUuukRFdIdKqIIYekTP6BW9OU/Oi/PufExbE85sZh/9gfP5A/D4lwk=</latexit>

✓ = 0.225(T � 1000)/200 2 [0, 1]

Additional input parameter:



2021 NETL Multiphase Flow Workshop |Capecelatro Research Group

Sensitivity of Capture Efficiency (CE) on temperature

16

<latexit sha1_base64="WGdf9C7bMAw73XSCgyXcIR7kUIQ="></latexit>

CE =
ṁdep

ṁtot
=

4L

D

u⇤
Ub

V +
dep

• 1D model and DNS are modified to include OSU deposition model

• Capture efficiency is typically measured in experiments:

Small particles are even more sensitive to van der
Waals as adhesion is accounted for in rebound

Large particles are more
sensitive to temperature
(yield strength) due to
high impact velocity

Context & Challenges Problem Setup Deposition Models Multi-fidelity UQ Conclusions
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Conclusions

1. A multi-fidelity approach was employed to optimally estimate mean, 
variance, and sensitivity of the deposition rate. 

• Cheap 1D models were evaluated to reduce the cost while retaining 
accuracy guarantees of expensive DNS. 

2. Deposition was found more sensitive to electrostatics than van der Waals 
across all particle sizes and exhibited largest uncertainty for mid-sized
particles.

3. All-stick assumption is more valid for small particles whose deposition is
more sensitive to cohesion and less sensitive to temperature

17
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Questions?

Credit: Jakob Haervig

18



2021 NETL Multiphase Flow Workshop |Capecelatro Research Group

Uncertainties of deposition rate to charge and van der Waals

<latexit sha1_base64="bBIfXwrc0Je7+ieRUoyl0ebBKQw=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAZBEMKuKHoRgl48RjAPSNZldjKbDJmdXWZ6hLjkS7x4UMSrn+LNv3HyOGhiQUNR1U13V5QJrsHzvp2l5ZXVtfXCRnFza3un5O7uNXRqFGV1mopUtSKimeCS1YGDYK1MMZJEgjWjwc3Ybz4ypXkq72GYsSAhPcljTglYKXRLHSAmzB7ykxG+wr4XumWv4k2AF4k/I2U0Qy10vzrdlJqESaCCaN32vQyCnCjgVLBRsWM0ywgdkB5rWypJwnSQTw4f4SOrdHGcKlsS8ET9PZGTROthEtnOhEBfz3tj8T+vbSC+DHIuMwNM0umi2AgMKR6ngLtcMQpiaAmhittbMe0TRSjYrIo2BH/+5UXSOK345xXv7qxcvZ7FUUAH6BAdIx9doCq6RTVURxQZ9Ixe0Zvz5Lw4787HtHXJmc3soz9wPn8AKAGSGQ==</latexit>

⌧+p = 10
<latexit sha1_base64="cm4jl9vtpyIvPnbo+PUEQ1s/hio=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIeyKohch6MVjBPOAvJidzCZDZmeXmV4lLPkPLx4U8eq/ePNvnCR70MSChqKqm+4uP5bCoOt+O0vLK6tr67mN/ObW9s5uYW+/ZqJEM15lkYx0w6eGS6F4FQVK3og1p6Eved0f3k78+iPXRkTqAUcxb4e0r0QgGEUrdVpIk27cSU/H5Jp43ULRLblTkEXiZaQIGSrdwlerF7Ek5AqZpMY0PTfGdko1Cib5ON9KDI8pG9I+b1qqaMhNO51ePSbHVumRINK2FJKp+nsipaExo9C3nSHFgZn3JuJ/XjPB4KqdChUnyBWbLQoSSTAikwhIT2jOUI4soUwLeythA6opQxtU3obgzb+8SGpnJe+i5N6fF8s3WRw5OIQjOAEPLqEMd1CBKjDQ8Ayv8OY8OS/Ou/Mxa11yspkD+APn8wc925Gu</latexit>

⌧+p = 1
<latexit sha1_base64="CqAfRrMlW6iskP9dDcu1dwtztTA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEIiil6EohePFewHtDFstpt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvDDlTGnX/bZKK6tr6xvlzcrW9s7unr1/0FRJJgltkIQnsh1iRTkTtKGZ5rSdSorjkNNWOLyb+q0RlYol4lGPU+rHuC9YxAjWRgpsu6txFqRP+dkE3SDX8QK76jruDGiZeAWpQoF6YH91ewnJYio04Vipjuem2s+x1IxwOql0M0VTTIa4TzuGChxT5eezyyfoxCg9FCXSlNBopv6eyHGs1DgOTWeM9UAtelPxP6+T6ejaz5lIM00FmS+KMo50gqYxoB6TlGg+NgQTycytiAywxESbsComBG/x5WXSPHe8S8d9uKjWbos4ynAEx3AKHlxBDe6hDg0gMIJneIU3K7derHfrY95asoqZQ/gD6/MHl6iSUQ==</latexit>

⌧+p = 0.1

𝝆1,2 = 0.989 𝝆1,2 = 0.995 𝝆1,2 = 0.937

𝝆1,2 = 0.989 𝝆1,2 = 0.995 𝝆1,2 = 0.937

P=36

P=72

19
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Sensitivity of deposition rate to charge and van der Waals

<latexit sha1_base64="bBIfXwrc0Je7+ieRUoyl0ebBKQw=">AAAB+HicbVDLSgNBEJz1GeMjqx69DAZBEMKuKHoRgl48RjAPSNZldjKbDJmdXWZ6hLjkS7x4UMSrn+LNv3HyOGhiQUNR1U13V5QJrsHzvp2l5ZXVtfXCRnFza3un5O7uNXRqFGV1mopUtSKimeCS1YGDYK1MMZJEgjWjwc3Ybz4ypXkq72GYsSAhPcljTglYKXRLHSAmzB7ykxG+wr4XumWv4k2AF4k/I2U0Qy10vzrdlJqESaCCaN32vQyCnCjgVLBRsWM0ywgdkB5rWypJwnSQTw4f4SOrdHGcKlsS8ET9PZGTROthEtnOhEBfz3tj8T+vbSC+DHIuMwNM0umi2AgMKR6ngLtcMQpiaAmhittbMe0TRSjYrIo2BH/+5UXSOK345xXv7qxcvZ7FUUAH6BAdIx9doCq6RTVURxQZ9Ixe0Zvz5Lw4787HtHXJmc3soz9wPn8AKAGSGQ==</latexit>

⌧+p = 10
<latexit sha1_base64="cm4jl9vtpyIvPnbo+PUEQ1s/hio=">AAAB9XicbVDLSgNBEOz1GeMr6tHLYBAEIeyKohch6MVjBPOAvJidzCZDZmeXmV4lLPkPLx4U8eq/ePNvnCR70MSChqKqm+4uP5bCoOt+O0vLK6tr67mN/ObW9s5uYW+/ZqJEM15lkYx0w6eGS6F4FQVK3og1p6Eved0f3k78+iPXRkTqAUcxb4e0r0QgGEUrdVpIk27cSU/H5Jp43ULRLblTkEXiZaQIGSrdwlerF7Ek5AqZpMY0PTfGdko1Cib5ON9KDI8pG9I+b1qqaMhNO51ePSbHVumRINK2FJKp+nsipaExo9C3nSHFgZn3JuJ/XjPB4KqdChUnyBWbLQoSSTAikwhIT2jOUI4soUwLeythA6opQxtU3obgzb+8SGpnJe+i5N6fF8s3WRw5OIQjOAEPLqEMd1CBKjDQ8Ayv8OY8OS/Ou/Mxa11yspkD+APn8wc925Gu</latexit>

⌧+p = 1
<latexit sha1_base64="CqAfRrMlW6iskP9dDcu1dwtztTA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBZBEEIiil6EohePFewHtDFstpt26WYTdjeFEvpPvHhQxKv/xJv/xm2bg7Y+GHi8N8PMvDDlTGnX/bZKK6tr6xvlzcrW9s7unr1/0FRJJgltkIQnsh1iRTkTtKGZ5rSdSorjkNNWOLyb+q0RlYol4lGPU+rHuC9YxAjWRgpsu6txFqRP+dkE3SDX8QK76jruDGiZeAWpQoF6YH91ewnJYio04Vipjuem2s+x1IxwOql0M0VTTIa4TzuGChxT5eezyyfoxCg9FCXSlNBopv6eyHGs1DgOTWeM9UAtelPxP6+T6ejaz5lIM00FmS+KMo50gqYxoB6TlGg+NgQTycytiAywxESbsComBG/x5WXSPHe8S8d9uKjWbos4ynAEx3AKHlxBDe6hDg0gMIJneIU3K7derHfrY95asoqZQ/gD6/MHl6iSUQ==</latexit>

⌧+p = 0.1

𝝆1,2 = 0.989 𝝆1,2 = 0.995 𝝆1,2 = 0.937

𝝆1,2 = 0.989 𝝆1,2 = 0.995 𝝆1,2 = 0.937

P=36

P=72
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Multi-fidelity Uncertainty Quantification

• An analytical solution exists for the optimal number of evaluations for each model

• Advantages:

– Orders of magnitudes faster than normal UQ
– Low-fidelity models can take any forms: ROM, coarser mesh, POD/DMD, line fitting etc….

– Error for each level of model is not required for MFMC UQ
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Reduced variance by leveraging models of different fidelities

<latexit sha1_base64="8gtCKBHUWxSvDUEPR2mk5/dIp+g=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLICglI4puhKIblxXsA9pxyKSZNjSTGZKMUIbZ+CtuXCji1s9w59+YaWehrYd74XDOvST3+DFnSiP0bZUWFpeWV8qrlbX1jc0te3unpaJEEtokEY9kx8eKciZoUzPNaSeWFIc+p21/dJP77UcqFYvEvR7H1A3xQLCAEayN5Nl7PY0TL35IjzN4BVHNOYF5Ic+uohqaAM4TpyBVUKDh2V+9fkSSkApNOFaq66BYuymWmhFOs0ovUTTGZIQHtGuowCFVbjo5IIOHRunDIJKmhYYT9fdGikOlxqFvJkOsh2rWy8X/vG6ig0s3ZSJONBVk+lCQcKgjmKcB+0xSovnYEEwkM3+FZIglJtpkVjEhOLMnz5PWac05r6G7s2r9uoijDPbBATgCDrgAdXALGqAJCMjAM3gFb9aT9WK9Wx/T0ZJV7OyCP7A+fwCF/ZPB</latexit>

⌧+p = 0.1, 1, 10

Variance reduction ratio1:

An order of magnitude
reduction in the variance!

Correlation coefficient, 𝝆1,2

C
os

tr
at

io
of

1D
m

od
el

to
D

N
S,

 w
2/w

1

<latexit sha1_base64="3OLZ3Z2raCeIjWztWxzI8y21ndo="></latexit>

� =

✓q
1� ⇢212 + ⇢12

p
w2/w1

◆2

MFMC optimization
fails

MFMC results in higher
variance than MC

1. Peherstorfer et al. (2018), Siam Review.
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Number density (uncharged) Number density (charged)

Decreased number 
of large particles 
indicates increased 
deposition

<latexit sha1_base64="phTXBdxoUW7HBwwhrZ4f3SmBgCE=">AAACDXicbVC7SgNBFJ2Nrxhfq5Y2g1GwkLgrijZC0MYygnlAEsLsZDYZMju7zNzVhCU/YOOv2FgoYmtv59842Wyh0QMDh3PO5c49XiS4Bsf5snJz8wuLS/nlwsrq2vqGvblV02GsKKvSUISq4RHNBJesChwEa0SKkcATrO4NriZ+/Y4pzUN5C6OItQPSk9znlICROvZea8gvnJJ7iFvAhoATfH+EuQkxTPtE9bjs4XHHLjolJwX+S9yMFFGGSsf+bHVDGgdMAhVE66brRNBOiAJOBRsXWrFmEaEDs6ZpqCQB0+0kvWaM943SxX6ozJOAU/XnREICrUeBZ5IBgb6e9Sbif14zBv+8nXAZxcAknS7yY4EhxJNqcJcrRkGMDCFUcfPXtANCwRRYMCW4syf/JbXjkntacm5OiuXLrI482kG76AC56AyV0TWqoCqi6AE9oRf0aj1az9ab9T6N5qxsZhv9gvXxDasKmhE=</latexit>

⇠ = 0.1, w/ image charging

Charge modifies particle near-wall statistics1

<latexit sha1_base64="ZFdo2XWRHFo2egS4Ohmvbh2OzF0=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktiB6LXjxWsB/QLiWbZtvQbHabzApl6Z/w4kERr/4db/4b03YP2vog8HhvZjLzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv77SeujYjVI04T7kd0qEQoGEUrdRKqUTDJ++WKW3UXIOvEy0kFcjT65a/eIGZpxBUySY3pem6CfpaPm5V6qeEJZWM65F1LFY248bPFvjNyYZUBCWNtn0KyUH93ZDQyZhoFtjKiODKr3lz8z+umGN74mVBJilyx5UdhKgnGZH48GQjNGcqpJZRpYXclbEQ1ZWgjKtkQvNWT10mrVvWuqu5DrVK/zeMowhmcwyV4cA11uIcGNIGBhGd4hTdn4rw4787HsrTg5D2n8AfO5w9K6JAg</latexit>

particle

<latexit sha1_base64="Mkzf1Amn/Luc+n7rfgZSStZ0JPo=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0kKoseiF48VTFtoQ9lsNu3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJPCoOt+O6WNza3tnfJuZW//4PCoenzSNmmuGfdZKlPdDanhUijuo0DJu5nmNAkl74Tju7nfeeLaiFQ94iTjQUKHSsSCUbSSH8tcRINqza27C5B14hWkBgVag+pXP0pZnnCFTFJjep6bYTClGgWTfFbp54ZnlI3pkPcsVTThJpgujp2RC6tEJE61LYVkof6emNLEmEkS2s6E4sisenPxP6+XY3wTTIXKcuSKLRfFuSSYkvnnJBKaM5QTSyjTwt5K2IhqytDmU7EheKsvr5N2o+5d1d2HRq15W8RRhjM4h0vw4BqacA8t8IGBgGd4hTdHOS/Ou/OxbC05xcwp/IHz+QPvU47C</latexit>

fluid
Velocity RMS

Charge amplifies near-wall 
velocities

DNS of a turbulent pipe flow
<latexit sha1_base64="0BVfGKXAU2MR/grGHK/UlJrZago=">AAACEnicbVC7TsMwFHXKq5RXgJHFokWCpUoqIRgrYGAsEn1ITVQ5rtNadZzIvkGqon4DC7/CwgBCrExs/A1umwFajmTr+Jx7dX1PkAiuwXG+rcLK6tr6RnGztLW9s7tn7x+0dJwqypo0FrHqBEQzwSVrAgfBOoliJAoEawej66nffmBK81jewzhhfkQGkoecEjBSzz6reEEqBIMKrrjOjbk94BHThiw8enbZqToz4GXi5qSMcjR69pfXj2kaMQlUEK27rpOAnxEFnAo2KXmpZgmhIzJgXUMlMZP8bLbSBJ8YpY/DWJkjAc/U3x0ZibQeR4GpjAgM9aI3Ff/zuimEl37GZZICk3Q+KEwFhhhP88F9rhgFMTaEUMXNXzEdEkUomBRLJgR3ceVl0qpV3fOqc1cr16/yOIroCB2jU+SiC1RHt6iBmoiiR/SMXtGb9WS9WO/Wx7y0YOU9h+gPrM8fnDCZpA==</latexit>• 10D ⇥ D ⇥ D

<latexit sha1_base64="ZhNGsT2oOqTAFprKp5jbQ2kGh2U=">AAAB/3icbVBNS8NAEN34WetXVPDiZbERPJWktKgHoejFYxX7AW0om+2kXbrZhN2NUGoP/hUvHhTx6t/w5r8xaXPQ1gcDj/dmmJnnRZwpbdvfxtLyyuraem4jv7m1vbNr7u03VBhLCnUa8lC2PKKAMwF1zTSHViSBBB6Hpje8Tv3mA0jFQnGvRxG4AekL5jNKdCJ1zUOr48Wcg7awdQcWvsTli0o53zULdtGeAi8SJyMFlKHWNb86vZDGAQhNOVGq7diRdsdEakY5TPKdWEFE6JD0oZ1QQQJQ7nh6/wSfJEoP+6FMSmg8VX9PjEmg1Cjwks6A6IG a91LxP68da//cHTMRxRoEnS3yY451iNMwcI9JoJqPEkKoZMmtmA6IJFQnkaUhOPMvL5JGqehUivZtqVC9yuLIoSN0jE6Rg85QFd2gGqojih7RM3pFb8aT8WK8Gx+z1iUjmzlAf2B8/gCK4JMx</latexit>• Re = 4954
<latexit sha1_base64="O/mfs/y/Nx8onyPCxl68Ok2MJrw=">AAACD3icbVDLSgNBEJz1GeMr6tHLYKJ4CrsBMRchKIjHKOYBSQizk04yZPbBTK8QlvyBF3/FiwdFvHr15t84m+xBEwsaiqpuurvcUAqNtv1tLS2vrK6tZzaym1vbO7u5vf26DiLFocYDGaimyzRI4UMNBUpohgqY50pouKOrxG88gNIi8O9xHELHYwNf9AVnaKRu7qTQdiMpAQv0WgmeiEzSwh104zayaFKgF9Qp291c3i7aU9BF4qQkT1JUu7mvdi/gkQc+csm0bjl2iJ2YKRRcwiTbjjSEjI/YAFqG+swD3Ymn/0zosVF6tB8oUz7Sqfp7Imae1mPPNZ0ew6Ge9xLxP68VYb/ciYUfRgg+ny3qR5JiQJNwaE8o4CjHhjCuhLmV8iFTjKOJMGtCcOZfXiT1UtE5K9q3pXzlMo0jQw7JETklDjknFXJDqqRGOHkkz+SVvFlP1ov1bn3MWpesdOaA/IH1+QP8y5qy</latexit>

• Frictional Re⌧ = 180

1.  Yao & Capecelatro. (2021), Powder Tech.
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Scaled-mapping treatment for non-periodic geometries

• Particles are scaled-mapped inwards by to remove periodic images1:

Step 1: particle scaled-mapping Step 2: solve scaled electrical field Step 3: mapping the solutions back

<latexit sha1_base64="7+NtLld4VLY7tNiuh+r+UkjvGDY=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5qIohuhqAsXLirYBzSh3Ewn7dCZJMxMhBK78FfcuFDErb/hzr9x0nahrQcGDufcyz1zgoQzpR3n25qbX1hcWi6sFFfX1jc27a3tuopTSWiNxDyWzQAU5SyiNc00p81EUhABp42gf5X7jQcqFYujez1IqC+gG7GQEdBGatu7XheEgAtPgO4R4NntEB/h67ZdcsrOCHiWuBNSQhNU2/aX14lJKmikCQelWq6TaD8DqRnhdFj0UkUTIH3o0pahEQiq/GyUf4gPjNLBYSzNizQeqb83MhBKDURgJvOYatrLxf+8VqrDcz9jUZJqGpHxoTDlWMc4LwN3mKRE84EhQCQzWTHpgQSiTWVFU4I7/eVZUj8uu6dl5+6kVLmc1FFAe2gfHSIXnaEKukFVVEMEPaJn9IrerCfrxXq3Psajc9ZkZwf9gfX5A9g7lVQ=</latexit>

� = L/D

<latexit sha1_base64="qBlu6s8hrfYfZK+BPWwKnxmnV9g="></latexit>

⇢0m(x, t) =
NX

i=1

q(i)p W
⇣
x�X (i)

p (t)
⌘

<latexit sha1_base64="DKdKywRAOjPCZ7greWXQQPg5Was=">AAACPnicbVBNS8NAFNzUr1q/qh69LBahXkoiil6Eogc9VjBtoQlhs900SzfZsLsRSsgv8+Jv8ObRiwdFvHp0m+agrQPLDjPv8d4bP2FUKtN8MSpLyyura9X12sbm1vZOfXevK3kqMLExZ1z0fSQJozGxFVWM9BNBUOQz0vPH11O/90CEpDy+V5OEuBEaxTSgGCkteXXbCZHKHBHy3MtY3nR8zoZyEukvG+fHl7/taMGGhX2zoHv1htkyC8BFYpWkAUp0vPqzM+Q4jUisMENSDiwzUW6GhKKYkbzmpJIkCI/RiAw0jVFEpJsV5+fwSCtDGHChX6xgof7uyFAkp7vpygipUM57U/E/b5Cq4MLNaJykisR4NihIGVQcTrOEQyoIVmyiCcKC6l0hDpFAWOnEazoEa/7kRdI9aVlnLfPutNG+KuOoggNwCJrAAuegDW5BB9gAg0fwCt7Bh/FkvBmfxtestGKUPfvgD4zvHxC9sf4=</latexit>

⇢̂l(k) = ⇢̂m(k)Ĝ(k)
<latexit sha1_base64="3ieSfC2RSUYzyHUtYM/8m31EVYo="></latexit>

k2�̂l(k) =
⇢̂l(k)

✏0
<latexit sha1_base64="jZe+EHXTPWOvSOjtJHKAD1inxA4=">AAACMXicbVDLSsNAFJ3UV62vqks3g0WsoCURRTdCUYQuK9gHNCFMJhM7dDIJMxOxhPySG/9E3HShiFt/wuljUdteGOZwzrnce48XMyqVaQ6M3NLyyupafr2wsbm1vVPc3WvKKBGYNHDEItH2kCSMctJQVDHSjgVBocdIy+vdDfXWMxGSRvxR9WPihOiJ04BipDTlFmu2FzFf9kP9pfeZm7LsuDzNvWSnUJ3cnNkceQxBO+5Sly1wuMWSWTFHBeeBNQElMKm6W3y3/QgnIeEKMyRlxzJj5aRIKIoZyQp2IkmMcA89kY6GHIVEOuno4gweacaHQST04wqO2OmOFIVyuJ52hkh15aw2JBdpnUQF105KeZwowvF4UJAwqCI4jA/6VBCsWF8DhAXVu0LcRQJhpUMu6BCs2ZPnQfO8Yl1WzIeLUvV2EkceHIBDUAYWuAJVUAN10AAYvIIP8Am+jDdjYHwbP2Nrzpj07IN/Zfz+AQ9Zqq0=</latexit>

E0
l(x, t) = �r�l(x, t)

1.  Yao & Capecelatro. (2021), Powder Tech.
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